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Abstract 
Dynamic wetting plays an important role in the physics of multiphase flow, and has significant 
influence on many industrial and geotechnical applications. In this work, a modified smoothed particle 
hydrodynamics (SPH) model is employed to simulate surface tension, contact angle, and dynamic 
wetting effects. The wetting and dewetting phenomena are simulated in a capillary tube, where the 
liquid particles are raised or withdrawn by a shifting substrate. The SPH model is modified by 
introducing a newly-developed viscous force formulation at liquid-solid interface to reproduce the 
rate-dependent behaviour of moving contact line. Dynamic contact angle simulations with interfacial 
viscous force are conducted to verify the effectiveness and accuracy of this new formulation. In 
addition, the influence of interfacial viscous force with different magnitude on contact angle dynamics 
is examined by empirical power law correlations, and the derived constants suggest the dynamic 
contact angle changes monotonically with interfacial viscous force. The simulation results are 
consistent with the experimental observations and theoretical predictions, implying that the interfacial 
viscous force can be associated with slip length of flow and microscopic surface roughness. This work 
has demonstrated that the modified SPH model can successfully account for the rate-dependent effects 
of moving contact line, and can be used for realistic multiphase flow simulation under dynamic 
conditions.  
Keywords: Smoothed particle hydrodynamics, contact angle dynamics, capillary number, interfacial 
viscous force. 
1. Introduction 
Complex interactions among multiple phases (e.g., gas, liquid, and solid) in porous media are of great 
significance in many industrial applications, such as groundwater treatment [1], oil recovery [2], 
carbon sequestration [3], and porous catalysts [4]. These processes usually involve dynamic wetting 
phenomena which are critical in describing the rate-dependent system properties, and can thus further 
shed light on optimising engineering solutions. Dynamic wettability is generally characterized by the 
dynamic contact angle. To access this property, previous studies focused on experimental 
characterisation [5-7], theoretical modelling [8,9], and various numerical approaches [10-12]. 
Numerical methods have demonstrated significant advantages in modelling multiphase flow 
[13,10,12,14], including time and cost efficiency, the wide range of length scales, and broadened 
material properties and loading conditions. However, to model dynamic wettability, most of existing 
numerical approaches are either far away from typical realistic time and length scales, e.g., using 
molecular dynamics (MD) [13], or established based on introducing additional artificial interfacial 
constrains, e.g., using smoothed particle dynamics (SPH) [12,14].   
Dynamic contact angles can be measured experimentally at the liquid-solid-vapour triple-line region at 
different ranges of capillary number (𝐶𝑎) [15,16],  a non-dimensional parameter defined as the ratio of 
viscous forces to interfacial forces: 
𝐶𝑎 = 𝜂𝑣&𝛾 , 1  
where 𝑣& is triple-line region velocity, 𝛾 is surface tension, and 𝜂 is viscosity of the fluid. The 
behaviours of dynamic contact angle associated with contact line motion of spreading liquids can be 
described by several theories, including hydrodynamic model [8], molecular-kinetic model [17], and 
their combination [18]. A number of empirical relationships based on these theoretical models for 
wetting have been discussed in the literature, all of which express the dynamic advancing (or receding) 
contact angle 𝜃+, (or 𝜃+-) as a function of 𝐶𝑎 and the corresponding quasi static contact angle 𝜃., (𝜃.-) 
during wetting (dewetting) processes. Elliot and Riddiford [19] found the dynamic contact angle is 
rate-independent when 𝐶𝑎 < 2×1034 for water with glass or polyethylene plate. Schwartz and Tejeda 
[5] identified that the dynamic contact angle is constant for 𝐶𝑎 < 2×1035. For 1035 < 𝐶𝑎 < 1036, 
the dynamic contact angle changes monotonically with 𝐶𝑎, and the most commonly suggested 
relationship is [20-22]:  
cos𝜃+,/- − cos𝜃.,/- = 𝐴𝐶𝑎=, 2  
where 𝐴 and 𝐵 are constants for advancing/receding cases. Based on the similar empirical correlation, 
Jiang et al. [6], Bracke et al. [7], and Seebergh and Berg [23] derived different constants for the 
proposed correlation, by introducing an additional term of 1/(1 + cos𝜃.,/-) on the right hand side to 
minimize the deviations induced by fluid properties when comparing the results of different fluids. It 
has also been pointed out that the dependence of the contact angle on moving contact line velocity, i.e., 
the value of 𝐵, is enhanced by rough surfaces [23,5].  
However, the complete understanding of dynamic contact angle associated with moving contact line is 
still an open topic due to the complex liquid-solid interactions and the fundamental roles of the triple-
line region in the liquid spreading. Experimental investigations on dynamic contact angle could be 
strongly influenced by small-scale physical and chemical heterogeneities, impurities adsorbed on the 
solid surface, growth and dissolution of bubbles, etc [24]. Therefore, considering the above-mentioned 
limitations and availability of experimental conditions and facilities, the numerical approaches, 
including molecular dynamics (MD) [11,25,13], lattice-Boltzman methods (LBM) [10,26,27] and SPH 
[12,14], serve as powerful tools to study the contact angle dynamics and the fundamental mechanisms 
therein. At the micro-scale, Koplik et al. [11] identified rate-dependent behaviour for dynamic 
receding angle with MD simulation in an immiscible two-fluid system. Lukyanov and Likhtman [13] 
applied MD simulation to explain the behaviours of dynamic contact angle from the perspective of 
force distribution and friction law. Nevertheless, there are restrictions in simulation time and length 
scales due to high computing power required for MD simulations. At the meso-scale, researchers also 
proposed and verified the power law correlation between 𝐶𝑎 and dynamic contact angle with 
multiphase capillary flow using LBM and SPH method, and the outcomes consist with experimental 
results and theoretical predictions [10,26,27,12,14]. To deal with moving boundaries problem, LBM 
requires additional algorithm which may lose the accuracy of the standard scheme [28]. For the 
abovementioned SPH models that successfully simulated the dynamic contact angle, additional terms 
should be imposed, such as contact line force formulation [12] at the triple-line region and Young–
Laplace boundary condition [14] at the fluid-fluid interface, all of which require explicit modelling of 
all phases in the pore space, and thus dramatically increase the computational cost. 
In this paper, we propose a modified SPH model to study the contact angle dynamics. This SPH model 
adopts additional liquid-liquid and liquid-solid interaction forces to generate the surface tension and 
wetting effects [48]. Moreover, to replicate realistic dynamic behaviour of liquid-solid interactions, an 
interfacial viscous force is introduced to capture the viscous shearing, which was omitted in the 
original SPH formulation. This newly-introduced interfacial force is formulated based on the 
physically measurable quantity, i.e., the slip length, and demonstrated to correlate with surface 
chemistry and roughness conditions. Advancing and receding contact angles are simulated in a 
capillary tube under various contact line speeds. By analysing the correlations between the contact line 
velocity and contact angle, empirical power law correlations with various constants are obtained. 
Furthermore, parametric studies have been conducted to demonstrate that these predicted dynamic 
behaviours correlate to the proposed interfacial viscous force model.  
2. SPH Model 
2.1. Governing equations  
The motion of an incompressible fluid is governed by Navier–Stokes equations which can be written 
in Lagrangian form as follows: 
	d𝜌d𝑡 = −𝜌𝛁 ∙ 𝒗, 3  
	d𝒗d𝑡 = −𝛁𝑃𝜌 + 𝜇 𝛁6𝒗𝜌 + 𝑭, 4  
where	𝜌 is fluid density, 𝒗 is flow velocity, 𝑃 is pressure, 𝜇 𝛁N𝒗O  is the viscous term, and 𝑭 corresponds 
to total volumetric force acting on unit mass.  
We approximate the incompressibility of fluids using the weakly-compressible approach by applying 
the Equation of State (EOS) with the form of [29]: 
𝑃 = 𝑐6𝜌Q𝜒 𝜌𝜌Q S − 1 , 5  
where 𝑐	is artificial speed of sound, 𝜌Q	is reference density and 𝜒 is empirical parameter. In this work, 
we choose the artificial speed of sound as 𝑐 > 10𝑉W,X along with 𝜒 = 7 [30,31], where 𝑉W,X is the 
expected maximum particle velocity.  
2.2. The SPH equations 
The SPH method is based on the idea that a continuous field 𝐴(𝒓[) at position 𝒓[ can be smoothed by a 
convolution integral with smoothing function, 𝑊(𝒓[ − 𝒓], ℎ), allowing the value of any function to be 
obtained at a given point with neighbouring particles [32]: 
𝐴 𝒓[ = 𝑚]𝜌] 𝐴 𝒓] 𝑊 𝒓[ − 𝒓], ℎ`]ab , 6  
where the summation is over 𝑁 neighbouring particles around the specified particle 𝒓[, and 𝑚], 	𝒓], 	𝜌]  
are the mass, position and the local density of particle 𝑗 respectively, 𝑊(𝒓[ − 𝒓], ℎ) is the smoothing 
function with ℎ as its smoothing length. The Gaussian kernel is adopted for the proposed SPH model 
considering both calculation accuracy and computational efficiency [33]: 
𝑊 𝒓, ℎ = 1ℎ 𝜋 𝑒3 𝒓NhN . 7  
The density of a liquid particle 𝑖 is evaluated by:  
𝜌[ = 𝑚]𝑊 𝒓[ − 𝒓], ℎ] . 8  
The pressure driven part of the momentum equation is implemented following the approach proposed 
by Monaghan [32], the pressure gradient is symmetrized by rewriting ∇𝑃/𝜌 in Eq. (4) to ensure 
momentum conservation: 
∇𝑃[ = 𝜌[ 𝑚] 𝑃[𝜌[6 + 𝑃]𝜌]6 ∇𝑊 𝒓[ − 𝒓], ℎ] . 9  
A Monaghan style artificial viscosity model [32] is applied to stabilize the numerical algorithm. The 
artificial viscosity is obtained by writing momentum equation as the following form: 
𝜇 ∇6𝒗[𝜌[ = − 𝑚]П,o∇𝑊 𝒓[ − 𝒓], ℎ] , 10  
where П,o is given by: 
П[] = −𝛼𝑐[]𝜇[] + 𝛽𝜇[]6𝜌[] 	𝒗[] ∙ 𝒓[] < 0;	0																															𝒗[] ∙ 𝒓[] > 0; 11  
and  
𝜇[] = 	ℎ𝒗[] ∙ 𝒓[]𝒓[]6 + 0.01ℎ6 , 12  
where 𝛼 and 𝛽 are constants, 𝑐[] = (𝑐[+𝑐])/2 and 𝜌[] = (𝜌[+𝜌])/2 are the values of the sound speed 
and the density averaged between particles 𝑖 and 𝑗. Monaghan [32] suggested the values for 𝛼 and 𝛽 
are 1 and 2 respectively for best results. In this work, we adopt the 𝛼 value while setting the value of 𝛽 
to 0 as the motion of fluid flow in the simulation is relatively slow (ranging from 0.0002 to 20 mm/s). 
It should be noted that the implementation of this artificial viscosity could lead to unphysically high 
shear viscous forces because SPH simulations are stabilized by the physical viscosity of a fluid, and it 
is challenging to simulate low viscous flows [34]. Therefore, our simulations will be carried out with 
this high viscous setting. 
For the weakly-compressible SPH formulation, the time step ∆t in this work follows the CFL-
condition based on: (1) the maximum artificial sound speed and the maximum flow speed; (2) the 
magnitude of particle acceleration 𝑓[; and (3) the viscous condition [35].  
2.3. Implementation of inter-particle force model in SPH 
In this work, an inter-particle force formulation proposed by Li et al. [36] is applied to reproduce the 
surface tension and wetting effects. The pair potential energy 𝑈 𝑟  and inter-particle force 𝑭[][v&w- are 
given as: 𝑈 𝑟 = 𝛼[] 𝐶𝑊w 𝑟, ℎb − 𝐷𝑊w 𝑟, ℎ6 , 	𝑤ℎ𝑒𝑟𝑒	ℎb, ℎ6 ≤ 0.5ℎ, 13  
𝑭[][v&w- = −𝑑𝑈 𝑟𝑑𝑟 𝒓[ − 𝒓]𝒓[ − 𝒓] , 𝑖 ≠ 𝑗, 14  
where 𝛼[] is inter-particle force strength parameter, 𝐶 and 𝐷 are constants, 𝑊w is the cubic spline 
function to construct the potential energy function with the form of: 
𝑊w 𝑟, ℎ 1 − 32 𝑟ℎ
6 + 34 𝑟ℎ } 					0 < 𝑟ℎ ≤ 1		14 2 − 𝑟ℎ } 																						1 < 𝑟ℎ ≤ 2								0																																									𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
. 15  
This kernel function 𝑊w is normalized by 6}h,  bQ4hN,  bh in 1D, 2D and 3D space respectively. The 
inter-particle force in Eq. (14) is imposed on both liquid and solid particles to generate multiphase 
interactions between different phases. The parameter 𝛼[]  is replaced by 𝛼b (as the liquid-liquid 
interaction force parameter) when particle 𝑗 is a liquid particle and by 𝛼6 (liquid-solid interaction force 
parameter) when particle 𝑗 is a solid particle. Note that particle 𝑖 is always a liquid particle. By 
assigning different value for 𝛼b and 𝛼6, different surface tension of free surface and static contact 
angle on solid surface can be reproduced in the simulation. In addition, to prevent the unphysically 
penetration of liquid particles into the solid particles, additional repulsive boundary forces are 
implemented similar to those implemented in Monaghan and Kajtar [37]. 
2.4. Modified liquid-solid interface model 
In most SPH simulations, the boundaries of rigid bodies have been prescribed with different 
mechanisms, such as ghost particles [38], normalising conditions [39], and boundary particle forces 
[37], all of which are only appropriate for perfectly smooth boundaries [40]. Considering the particle-
particle interaction force at liquid-solid interface, the summation of the short range repulsive and 
longer range attractive forces acting on the liquid particle is fluctuating around zero on the tangential 
direction, which effectively makes the interface frictionless and rate-independent, see Figure 1(b). 
Therefore, the rate-dependent behaviour of moving contact line is hardly achieved in this 
circumstance. 
  
 
 
 
(a)  (b)        (c) 
Fig. 1 Schematics of the modified SPH approach (not to scale): (a) Shearing between solid and liquid 
particles at the liquid-solid interface; (b) Force balance of a liquid particle; (c) Geometry of capillary 
tube for dynamic contact angle simulation. 
 
There are several approaches in SPH to prescribe dynamic contact angle at the contact line, e.g., using 
Young–Laplace boundary condition at the fluid–fluid interface [14], and introducing a contact line 
force model [12].  However, the above approaches require explicit modelling of the geometries and 
boundaries of all phases in the pore space. Thus the computational cost is dramatically increased. In 
this work, we introduce a new algorithm which imposes a viscous force 𝑭[][.	on the liquid particles at 
liquid-solid interface to reproduce the rate-dependent behaviour of moving contact line. For an ideal 
no-slip condition, we can express the tangential force between solid and liquid as 
𝑭[][. = −𝑆 ∙ 𝜏 ∙ 𝒕 = −𝐿Q ∙ 𝜂 ∙ 𝛾 ∙ 𝒕 = −𝐿Q ∙ 𝜂 ∙ ∆𝒗𝒕𝐿Q/2 , 16  
where 𝑆 is liquid-solid contact area, and in two-dimensional case the contact area becomes the particle 
spacing 𝐿Q, 𝜏 is shear stress, 𝜂 is the viscosity of bulk fluid, 𝛾 is shear rate, 𝒕 is the tangential unit 
vector, and ∆𝒗𝒕	is the relative tangential velocity between liquid and solid particles. The thickness of 
shearing	equals to half of the interface spacing 𝐿Q, as shown in Figure 1(a). This formulation is based 
on assumptions of the laminar flow with a constant shear rate and no-slip boundary condition at the 
liquid-solid interface.  
Experimental studies have reported the slip length ranging from 10 nm to 10 µm with various surfaces 
and liquids [41-44]. However, compared with the predictions under no-slip boundary conditions and 
bulk fluid viscosity, the average boundary fluid velocity and slip length of pressure-driven flow can 
increase dramatically on certain surfaces, such as superhydrophobic and rough surfaces [45-48]. For 
example, the slip length can reach hundreds of nanometres for hexadecane flowing over a bare 
sapphire surface [45], up to 400 um on hydrophobic micro-macro structures [48], and even larger than 
1 mm for fluid flow through the aligned carbon-nanotube membrane [47]. In addition, MD simulations 
also suggest the slip length may increase for fluids at triple-line region [11].  
 
 
Fig. 2 Velocity profiles and shear rate for: slip condition (dashed line), and the equivalent no-slip 
condition (dotted line). 
 
To take the presence of the slip length into account, the interfacial force formulation in Eq. (16) needs 
to be modified. Figure 2 illustrates the equivalent model for effective shear rate 𝛾∗ considering the slip 
boundary condition with a slip length of 𝐿.. The equivalent model should have the same tangential 
force for the actual case with a slip condition, as: 
𝑭[][. = −𝐿Q ∙ 𝜂∗ ∙ ∆𝒗𝒕𝐿Q/2 = −𝐿Q ∙ 𝜂 ∙ ∆𝒗𝒕𝐿Q/2 + 𝐿. , 17  
where 𝜂∗ is the equivalent viscosity, or apparent viscosity, at the interface. Thus, we have: 
𝜂∗ = 𝜂 ∙ 𝐿Q𝐿Q + 2𝐿. 	 . 18  
Therefore, the bulk viscosity 𝜂 at interface is replaced by a smaller value 𝜂∗ (𝐿. > 0) to reproduce the 
actual shear profile at the liquid-solid interface. Finally, we have interfacial viscous force 𝑭[][. added 
in the inter-particle force formulation with the following form: 
𝑭[][. = −𝐿Q ∙ 𝜂∗ ∙ ∆𝒗𝒕𝐿Q/2 , 		𝑟[] ≤ 	 𝐿Q0																										,			𝑟[] > 	 𝐿Q . 19  
Mesh sensitivity studies have been conducted and the results suggest that the use of Eqs. (18) and (19) 
is independent of particle spacing 𝐿Q. Modified with the inter-particle interaction force, 𝑭[][v&w-, and 
interfacial viscous force, 𝑭[][., the SPH discretization of the governing equation now can be read as 
follows: 𝑑𝒗[𝑑𝑡 = − 𝑚] 𝑃[𝜌[6 + 𝑃]𝜌]6 + П,o ∇𝑊 𝒓[ − 𝒓], ℎ] + 𝑔 + 𝑭[][v&w-𝑚[] + 𝑭[][.𝑚[] . 20  
This SPH model is implemented in an open source framework PySPH [49], and the parameters used in 
this work are listed in Table 1 unless otherwise mentioned.  
 
Table 1 Parameters for dynamic contact angle simulations. 
Parameters Symbols Value 
Density (kg/m3) 𝜌Q 1000.0 
Gravity (m/s2) 𝑔 9.8 
Viscosity (Pa·s) ^ 𝜂 0.013, 0.04, 0.185 
Interfacial viscosity (Pa·s)	 𝜂∗	 0.0006 ~ 0.009	
Slip length (μm) *	 𝐿	 100 ~ 1000	
Surface tension (N/m)^	 γ 0.28 
Particle mass (kg) 𝑚Q 6.25 × 10−7 
Particle spacing (m) 𝐿Q 2.5 × 10−5 
Smoothing length (m) ℎ 7.5 × 10−5 
Artificial sound speed (m/s) 𝑐 3.0 
Time step (s) ∆𝑡 4.15 × 10-7 
Liquid-liquid interaction force parameter (J) 𝛼b 5.42 × 10-4 
Liquid-solid interaction force parameter (J) 𝛼6 5.69 × 10-4 
^ These material properties are the results of other input parameters. 
* The values here correspond to the interfacial viscosity used in the simulations. 
3. Results and discussion 
3.1. Identification of model parameters 
To examine the surface tension scheme used in this study, the shape evolution of a 2D droplet with 
zero gravity in vacuum is presented. Figure 3(a) shows the shape transformation of a droplet from 
square to circle due to the surface tension effect. The surface tension γ can be calculated by the 
Young-Laplace equation which relates the difference of inside and outside pressure of the droplet ∆𝑃 
and its radius 𝑅: 
𝛾	 	1	𝑅b 	+ 	1	𝑅6 = ∆𝑃, 21  
where 𝑅b	and	𝑅6 are the principal radii of droplet curvature. Since the 2D droplet is simulated in 
vacuum, ∆𝑃 equals to the pressure inside the droplet and the mean radius equals to the droplet radius 𝑅. In this work, the total pressure of the droplet is the sum of pressure calculated from EOS plus the 
contribution by inter-particle force 𝑭[][v&w-. Due to the boundary deficiency [50], we exclude the edge 
of droplet and use bulk region for pressure measurement. Seven tests are conducted with different 
value of 𝛼b ranging from 2.0	×	103 to 5.5	×	103 J, and the results suggest a linear relationship 
between 𝛼b and γ, see Figure 3(b). 
 
 
 
(a)      (b) 
Fig. 3 (a) Evolution of droplet shape; (b) Surface tension with different value of 𝛼b. 
 
The liquid-solid interaction strength parameter 𝛼6 is calibrated by simulating six different equilibrium 
contact angles of droplet over a flat substrate, with a thickness of 0.1 mm, as shown in Figure 4(a). 
The droplet has a volume of 2.5 mm3, and it is slowly brought into contact with the flat surface under 
gravity force. After the droplet reaches equilibrium (approximately 0.25 s), the curvature of droplet is 
fitted for contact angle measurement. Figure 4(a) and (b) show that different wetting behaviour from 
hydrophobicity to hydrophilicity can be simulated by adjusting the liquid-solid interaction strength 
parameter 𝛼6. 
 
  
(a) (b) 
Fig. 4 (a) Static contact angles for different 𝛼6; (b) Relation between static contact angle and 𝛼6. 
 
3.2. Dynamic contact angles 
To simulate the moving contact line and dynamic contact angle, a 2D capillary tube with a shifting 
substrate is modelled in vacuum with the following geometry and parameters. The size of the capillary 
tube is 4 mm × 1.36 mm containing fluid with domain of 1.8 mm × 1.2mm, as shown in Figure 1(c). 
The surface tension and bulk viscosity of the simulated fluid is fixed unless mentioned otherwise, and 𝐶𝑎 is only controlled by the triple line velocity, 𝑣&, in this work. The contact angle 𝜃 is considered as 
the included angle by the solid boundary and the tangent of the fluid curvature close to the liquid-solid 
interface. The first three layers of liquid particles adjacent to the solid boundary are excluded for 
contact angle measurement as these particles frequently reconstruct due to the liquid-solid interactions 
and boundary repulsive force, resulting in an unstable triple line region.  
Prior to the simulations of different substrate moving speed, the capillary tube is under the same stable 
configuration in terms of fluid curvature and static contact angle. In all simulation cases, the bottom 
substrate moves along the 𝑦-direction for a distance of 1.2 mm to raise or withdraw the fluid with 
various velocities to generate a moving contact line. Figure 5 shows snapshots of fluid movement and 
curvature at different simulation time steps. The advancing angle occurs when the fluid is pushed up, 
and receding angle is formed when the substrate withdraws the fluid. At any given time, the resulting 
contact angle will be recorded against the instantaneous contact line speed. 
 
(a) 
 
(b) 
 
Fig. 5 Snapshots of dynamic contact angle simulation at various time while the moving speed of 
substrate equals 10 mm/s: (a) advancing case; (b) receding case. 
 
In Figure 5, five snapshots of capillary tube with substrate moving velocity of 10 mm/s at simulation 
time 0 ms, 5 ms, 25 ms, 60 ms and 80 ms are presented. At the beginning of the simulation, due to the 
weakly compressibility and low sound speed of the simulated fluid, it takes hundreds of time-steps for 
substrate transferring its speed to the whole liquid particles. Subsequently, the fluid curvature starts to 
change and the advancing (or receding) angles keep increasing (or decreasing) from simulation time 0 
ms to 60 ms. After 60 ms, the fluid curvature becomes stable and the contact angle measurement is 
conducted afterwards. It should be noted that the velocity of substrate does not necessarily equal to the 
velocity of triple-line region, and the position and velocity of liquid particles are updated according to 
the smoothing function at each time-step, so the fitted contact angle and 𝐶𝑎 will be varying during the 
simulation. Therefore, when the curvature becomes stable, i.e., after simulation time 60 ms in this 
case, hundreds sets of contact line moving velocity and dynamic contact angle are recorded for further 
data processing and analyses. 
To examine the effect of the proposed interfacial viscous force, we conducted two dynamic contact 
angle simulations, implemented with and without the term 𝑭[[. (more specifically, 𝜂∗ = 0.003 Pa·s and 𝜂∗ = 0.0 Pa·s, respectively), and the results are compared in terms of dynamic contact angle in Figure 
6. Both cases are simulated with 12 sets of substrate moving speed ranging from 0.002 mm/s to 20 
mm/s. The resulted 𝐶𝑎 covers from 10-6 to 10-1.  
 
 
Fig. 6 Scattered plot of dynamic contact angle simulation with and without interfacial viscous force, 𝑭[[.. Blue and pink circles represent advancing and receding cases with 𝑭[[., respectively; Black and 
red squares: advancing and receding cases without 𝑭[[.. Here, trend lines are guide for eyes. 
 
For 𝐶𝑎 < 103, the dynamic contact angle simulation results are independent of  𝑭[[. where the 
dynamic advancing and receding angle is around 70° and 60°, respectively. For 103 < 𝐶𝑎 < 103}, 
slight difference can be observed from the results. For cases implemented with 𝑭[[., the dynamic 
advancing angle starts to increase and the receding angle starts to decrease, while the dynamic contact 
angle in the case without 𝑭[[. remains unchanged. The major difference occurs in the large 𝐶𝑎 regime 
(𝐶𝑎 > 103}): With the increase of 𝐶𝑎, the dynamic advancing/receding contact angle keeps almost 
constant in the case without 𝑭[[., which suggests there is no rate-dependent behaviour of dynamic 
contact angle. While for cases implemented with 𝑭[[., the dynamic advancing angle increases from 
70° to around 90° and the dynamic receding angle decreases from 60° to less than 40° when 𝐶𝑎 
approaches 0.02. 
The simulation results suggest that the interfacial viscous force formulation is the key for reproducing 
dynamic contact angle. According to Eq. (19), the interfacial viscous force 𝑭[[. at liquid-solid 
interface region is increased with the velocity of liquid particles. Therefore,  𝑭[[. formulation will 
result in different influence on the motion of moving contact line depending on the magnitude of the 
triple velocity, 𝑣&. In the case where 𝑣& is relatively small (𝐶𝑎 < 103), the magnitude of interfacial 
viscous force 𝑭[[.	is also negligible and the contact angle hysteresis is hardly observed within small 𝐶𝑎 regime. When 𝑣& becomes larger, 𝑭[[. starts to influence the behaviour of moving contact line. In 
such a circumstance, the relative motion of contact line is restricted and slowed down along the flow 
direction. Meanwhile, the bulk fluid in the middle region of capillary tube is not affected by the 
interfacial viscous force. Hence this part of fluid moves quicker than the fluid at triple-line region, 
which creates a larger (or smaller) contact angle for advancing (or receding) case. In summary, with 
the adoption of the newly-introduced interfacial viscous force formulation, the proposed SPH model 
can successfully simulate the dynamic contact angle. 
In the following, empirical power law correlations are used to examine the results, similar to the 
format of the “universal function” [23]. The above simulation results with the presence of 𝑭[[. are 
replotted in Figure 7 using smoothed density histogram plot. Note that the legend bars represent the 
relative probability densities, e.g., ‘1.0’ refers to the highest density. Then, the power law correlation 
of Eq. (2) is used to fit the results and the constants are derived. From previous studies, we know that 
the exponent 𝐵 ranges from 0.2 to 1.0 based on various experimental findings and theoretical 
prediction [20]. In our simulation results with 𝜂∗ = 0.003 Pa·s, 𝐵 values of 0.531 and 0.406 are derived 
for advancing and receding cases, respectively. Later in Section 3.3, we will further examine the 
dependency of 𝜂∗ for both the exponent and amplitude constants. Here, the quasi-static advancing and 
receding contact angle (𝜃., = 69.53° and 𝜃.- = 59.82°) are obtained by raising or lowering the bottom 
substrate at extremely slow velocity of 2×10-5 mm/s. 
 
  
(a) (b) 
Fig. 7 Density histogram plots and power law fitting for dynamic (a) advancing and (b) receding 
contact angle results, x and y stands for	𝐶𝑎 and cos𝜃+,/- − cos𝜃.,/- , respectively. 
3.3. Parametric study of 𝛈∗ 
In this section, we present the parametric study on the interfacial viscous force 𝑭[[. formulation, i.e., 𝜂∗. In order to study the correlation between interfacial viscous force parameter 𝜂∗ and resulting 
dynamic contact angle, six sets of simulations with 𝜂∗ ranging from 0, 0.0006, 0.0015, 0.003, 0.006 
and 0.009 Pa·s are conducted. The receding case with 𝜂∗ = 0.009 Pa·s is not shown due to the strong 
adhesion between liquid and solid phase, which will be explained later in this section. Each set of 
simulations are conducted with different substrate speeds, resulting 𝐶𝑎 covering from 10-6 to 10-2.  
 
  
(a) (b) 
Fig. 8 Dynamic contact angle with different magnitude of interfacial viscous force for (a) advancing 
cases; (b) receding cases. 
 We selected the simulations with bottom substrate speeds of 20 mm/s, 10 mm/s, 2 mm/s, 0.2 mm/s, 
0.02 mm/s and 0.002 mm/s to study the correlation between dynamic contact angle and 𝐶𝑎 with 
different 𝜂∗. In Figure 8, it can be seen that larger 𝜂∗ results in a larger advancing angle and smaller 
receding angle especially at higher 𝐶𝑎 region, which means the contact angle hysteresis is enhanced 
with the increase of 𝜂∗. As 𝐶𝑎 is getting smaller, the dynamic advancing and receding angle converge 
to around 70° and 60°, respectively.  
The enhancement of dynamic contact angle on larger 𝜂∗ can be interpreted from the perspective of slip 
length and surface roughness, and this phenomenon is in good agreement with experimental results. 
Studies have suggested that the slip length is reduced by surface roughness [51], and rough surfaces 
can enhance the contact angle hysteresis [52]. According to Eq. (18), the value of 𝜂∗ is inversely 
proportional to the slip length 𝐿. in the model. Therefore, the selection of relatively large value 𝜂∗ 
refers to a small 𝐿., representing a rough surface, and such a surface is observed to have relatively 
large contact angle hysteresis, consistent with the experimental observations.  
Nevertheless, in the receding case when 𝜂∗ is larger than 0.0015 Pa·s, the dynamic angles in high 𝐶𝑎 
regime are less dependent on the actual values of 𝜂∗. The liquid-solid particle interactions with strong 𝑭[[. is considered to be responsible for this phenomenon. In the relative large 𝑭[[. scenarios, a thin 
water film is formed and attached on the solid surface and gravity force can hardly drive it 
downwards, see Figure 9(a). In such case, the dynamic receding angle is perceived as the intersection 
between the water film and fluid curvature, and the angles converge for 𝜂∗=0.0015, 0.003 and 0.006 
Pa·s. When the moving contact line velocity is smaller, or 𝑭[[. is less significant, there will be no 
water film formed on the solid surface as shown in Figure 9(b).  
 
  
(a) (b) 
Fig. 9 Dynamic receding angle simulations with 𝜂∗=0.006 Pa·s, (a) presence of thin water film with 
the substrate moving at 20 mm/s; (b) without thin water film with the substrate moving at 2 mm/s. 
 To obtain a further understanding of how the parameter 𝜂∗ influences the dynamic contact angle, the 
simulation results with five different 𝜂∗ values are fitted with Eq. (2), and amplitude 𝐴 and exponent 𝐵 
are derived correspondingly. In Figure 10, it is observed that 𝐴 and 𝐵 in the power law fitting change 
with the value of 𝜂∗ (only limited cases are shown due to the space). For 𝜂∗ ≥ 0.0015 Pa·s, the slope is 
quite obvious, the value of cos𝜃+,/- − cos𝜃.,/- 	 increases with the increase of 𝐶𝑎. For the case	𝜂∗ = 
0, the slope is 0 as expected since there is no rate-dependent behaviour of contact angle.  
Furthermore, we compared our numerical predictions using 𝜂∗= 0.009, 0.006 and 0.003 Pa·s with the 
empirical power law correlations proposed in [6,7] and experimental data extracted from [53] that 
including various combination of liquid and solid materials. Since all these previous studies focused 
on the dynamic advancing cases for various types of liquid, we used here the additional term 1 + cos𝜃.,  to unify the numerical and experimental data, as shown in Figure 11. Excellent 
agreement is observed between simulation results with 𝜂∗= 0.009 Pa·s and the experimental data from 
[53]. In addition, the simulation results using 𝜂∗= 0.006 Pa·s and 𝜂∗= 0.003 Pa·s are consistent with the 
empirical correlations derived by Bracke et al. [7] and Jiang et al [6], respectively. Note that instead of 
fitting the experimental data using two-parameter power law correlations, our prediction only depends 
on the value of interfacial viscosity 𝜂∗, which has a physical meaning as shown in Eq. (18) and can be 
identified independently from measurements of the apparent slip length. This verification on our 
simulation results demonstrate that not only the model can reproduce the rate-dependent behaviour of 
moving contact line, but also a good agreement with existing experimental studies can be achieved. 
All the fitting results for 𝐴 and 𝐵, amplitude and exponent, respectively, under different magnitude of  𝜂∗	are plotted in Figure 12. In general, the value of 𝐴 and 𝐵 increases with 𝜂∗. The only exception is 
the dynamic receding angle with 𝜂∗ = 0.006 Pa·s. The reason is also due to water film formation 
caused by the strong adhesion between liquid and solid particles, as discussed in Figure 9. Therefore, 
the receding case with 𝜂∗ > 0.006 Pa·s is not considered for results analysis. It can be concluded from 
our simulation that the value of power law fitting constants, 𝐴 and 𝐵, shares a positive correlation with 𝜂∗. Note for any given 𝜂∗, predictions can be made for both advancing and receding cases. 
  
		
	
	
	
	
Fig. 10 Density histogram plots and power law fitting for dynamic contact angle results with different 𝜂∗ value (𝜂∗=0.006, 0.0015 and 0 Pa·s), and x and y stands for  cos𝜃.,/- − cos𝜃+,/-  and 𝐶𝑎, 
respectively. 
 
 
 
Fig. 11 Comparison of power law correlations obtained from simulations with experimental data and 
empirical power law correlations. 
 
    
       (a)       (b) 
Fig. 12 Relationship between 𝜂∗ and power law fitting constants: (a) amplitude and (b) exponent. 
 
As stated in Section 3.2, to reproduce the dynamic contact angle, the viscosity 𝜂 at the liquid-solid 
interface is replaced by the interfacial viscous force parameter 𝜂∗, which is related to the slip length 
and surface roughness at the microscopic scale. The above-mentioned simulations are conducted with 
the same fluid viscosity and different power law fitting parameters are derived depending on the 
values of 𝜂∗. However, for fluids with different viscosity, the prediction and dependence of dynamic 
contact angle results on different value of  𝜂∗ is unknown. From Eq. (18), it is seen that the ratio of 
interfacial viscous force parameter 𝜂∗ and bulk viscosity 𝜂, i.e., 𝜂∗/𝜂, dominates the power law 
correlation between dynamic contact angle and 𝐶𝑎, and same value of 𝜂∗/𝜂 will reproduce similar 
results for fluids with different viscosity. To examine the influence of  𝜂∗/𝜂 on dynamic contact angle 
simulation results, two additional sets of simulations with different bulk viscosity setting (0.013 Pa·s 
and 0.185 Pa·s) are conducted, and the results are compared with the	𝜂∗ = 0.003 Pa·s and 𝜂	= 0.04 Pa·s 
case discussed in Section 5.3. All these three cases have the same value of 𝜂∗/𝜂 = 0.075.  
The data cover the range of 𝐶𝑎 from 10-6 to 10-1, and the results are plotted in Figure 12. The red line is 
the fitting function derived from the reference case with 𝜂 = 0.04 Pa·s and 𝜂∗ = 0.003 Pa·s. The 
dynamic receding case with fluid bulk viscosity 0.185 Pa·s is excluded for discussion, due to the fact 
that in this high viscosity setting the interfacial viscous force 𝑭[[. will be quite large with fixed ratio 𝜂∗/𝜂, causing the strong adhesion between liquid and solid particles discussed previously and the 
determination of accurate contact angle becomes difficult. 
In Figure 13, it is observed that the scattered data of three cases cover different range of 𝐶𝑎 as the 
viscosity is varied. Nonetheless, the data for advancing and receding cases with different bulk 
viscosity settings can still be described by the reference curve. This result demonstrates that for fluids 
with different viscosity, the same 𝜂∗/𝜂 ratio will lead to similar dynamic contact angle as well as the 
corresponding power law fitting results. 
 
  
      (a)         (b) 
Fig. 13 Scattered plot of dynamic contact angles with different viscosity of fluid and ∗ 	= 0.075: (a) 
advancing angle; (b) receding angle. 
4. Conclusion 
In this study, a modified SPH model with newly-introduced interfacial viscous force formulation is 
presented to simulate rate-dependent behaviour of moving contact line. The dynamic contact angle has 
been successfully reproduced with the implementation of interfacial viscous force. Correlations 
between simulated dynamic contact angle and 𝐶𝑎 are examined with empirical power law functions, 
and the results are in good agreement with experimental findings and theoretical analyses. 
Furthermore, the parametric study demonstrates the dependence of contact angle hysteresis and power 
law fitting on the magnitude of interfacial viscosity, which can be further related to measurable 
physical quantities, e.g., the slip length and microscopic surface roughness. This modified SPH model 
provides a simple and robust numerical solution to problems involving dynamic contact angle 
hysteresis, and the derived results can be further applied to a variety of industrial and geological 
applications where dynamic capillary interactions play a key role. 
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